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1 Introduction

A binary choice panel data model is frequently used in empirical economics research, as it in-

corporates heterogeneity in individual responses. In practice, a standard conditional exogeneity

assumption can be violated because of the measurement error, simultaneity, or omitted variable

problem. This paper proposes a nonlinear least squares estimator of such a model, where we

furthermore assume the distribution of the error term to be unknown. Our method relies on the

semiparametric estimation of the conditional expectation of the choice variable and accounts

for both the correlated unobserved heterogeneity and endogeneity due to correlation with an

idiosyncratic error.

In this paper, the potential correlation between the unobserved time-invariant effect and

exogenous covariates is addressed using a correlated random effects approach, which is free from

the incidental parameters problem associated with the fixed effects estimation. Specifically, we

model the unobserved effect using the Mundlak (1978) and Chamberlain (1980) specification,

which assumes that the unobserved effect is a function of observed independent variables. Al-

though such procedure induces serial correlation at the individual level, we show that in short

panels standard asymptotic theory applies. Additionally, following Song (2017), we assume

that there is at least one continuous independent variable. Under such a condition, it is shown

that unlike Manski (1985), we can identify parameters without necessarily requiring the un-

boundedness of other independent variables. Because variables in applied economics research

are usually bounded, this assumption is more suitable for observational data.

Endogeneity due to correlation with time-varying unobservables is addressed using a control

function method. In a parametric setting, this method was initially proposed by Smith and

Blundell (1986) and Rivers and Vuong (1988). Blundell and Powell (2004), Rothe (2009), and

Song (2017) use the control function technique to correct for endogeneity in semiparametric

binary response models for cross section data. Generally, control function methods have been

used for estimating a wide variety of linear and nonlinear models (e.g., Wooldridge (2015)).

Our estimator is developed from the least squares estimator of a single index model consid-

ered by Ichimura (1993) and can be applied to panel data. The asymptotic theory is developed

based on Chen et. al. (2003). This strategy is commonly adopted in the literature related

to the present paper, such as Rothe (2009) and Song (2017). However, the latter two papers

impose the IID assumption, similar to Chen et. al. (2003) and Blundell and Powell (2004), and

focus on cross section data. In this paper, we consider panel data and assume independence

across cross-section units, but permit serial correlation at the individual level.

The rest of the paper is organized as follows. The model is presented in Section 2, followed
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by the discussion of the estimator and identification conditions in Section 3. Asymptotic theory

is provided in Section 4. Monte Carlo simulations and empirical application are discussed in

Sections 5 and 6, respectively. Section 7 provides concluding remarks.

Here we specify notations used in this paper. ||·|| denotes the Frobenius norm of vector, ||·||∞
denotes the uniform norm of vector, and vec denotes the vectorization operator. For arbitrary

variables a and b, a ∨ b = max(a, b), ∼ denotes “is distributed as,” →p denotes convergence in

probability and →d denotes convergence in distribution. For a sequence of random variables

{XN : N = 1, 2, . . .}, XN = op(aN ) means that XN/aN converges in probability to zero as N

goes to infinity, while XN = Op(aN ) means that XN/aN is stochastically bounded.

2 The Model

Consider a binary response panel data model of the form

y∗it1 = y′it2α0 + x′itβ0 − ci1 − uit1, (2.1)

yit1 = 1 [y∗it1 > 0] , i = 1, . . . , N ; t = 1, . . . , T, (2.2)

where y∗it1 is a latent outcome for unit i in period t, yit1 is the observed binary outcome, and 1 [·]
is an indicator function, which equals one if the condition in brackets holds and is zero otherwise;

yit2 and xit are ke × 1 and kx × 1 vectors of time-varying covariates, respectively, which may

be correlated with the unobserved individual effects, ci1. Here, we assume that variables in

yit2 are continuous and could be endogenous in the sense that they may be correlated with

the idiosyncratic error, uit1, because of simultaneity, measurement error, or an omitted time-

varying covariate. The parameters of interest in the above model are α0 and β0. We consider

the panel structure with large N and fixed T .

Let zit = (x′it, z
′
it1)′ be a kz×1 vector of instruments, kz ≥ kx+ke. Assume that endogenous

variables, yit2, are determined by the following reduced form equations:

yit2 = Hitγ0 + ci2 + uit2, (2.3)

where Hit is a ke × (ke · kz) block diagonal matrix with vectors z′it on its principal diagonal,

γ0 = (γ ′01, . . . ,γ
′
0ke

)′, γ0j is kz×1 for j = 1, . . . , ke, and ci2 is a ke×1 vector of unobserved effects

that may be correlated with Hit. In (2.3), instruments are assumed to be strictly exogenous

conditional on the unobserved effect, so that for Zi = (z′i1, . . . , z
′
iT ), we have

uit2|Zi, ci2 ∼ uit2|zit, ci2 ∼ uit2. (2.4)
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To account for the correlation between covariates and unobserved effects, we model ci1 and

ci2 as

ci1 = η1(Zi) + ai1, (2.5)

ci2 = η2(Zi) + ai2, (2.6)

where η1(·) = E (ci1|Zi), ai1 = ci1 − E (ci1|Zi) , η2(·) = E (ci2|Zi), and ai2 = ci2 − E (ci2|Zi).
In practice, most studies use Mundlak’s (1978) specification,

η1(Zi) = z̄′iξ01, (2.7)

η2(Zi) = H̄iξ02, (2.8)

where z̄i = T−1
∑T

t=1 zit, H̄i is a ke × (ke · kz) block diagonal matrix with vectors z̄′i on its

principal diagonal, ξ02 =
(
ξ′021, . . . , ξ

′
02ke

)′, ξ02j is kz × 1, j = 1, . . . , ke, and Chamberlain’s

(1981) specification,

η1(Zi) = Ziζ01, (2.9)

η2(Zi) = H̃iζ02, (2.10)

where H̃i is a ke × (ke · kz · T ) block diagonal matrix with vectors Zi on its principal diagonal,

and ζ02 =
(
ζ′021, . . . , ζ

′
02ke

)′, where ζ02j is (kz ·T )× 1 for j = 1, . . . , ke. See, for example, Hsiao

and Zhou (2018) for a discussion on these two specifications.1

Let vit1 = ai1 + uit1 and vit2 = ai2 + uit2. Then, model (2.1) and (2.2) can be rewritten as

yit1 = 1
(
y′it2α0 + x′itβ0 − η1(Zi)− vit1 ≥ 0

)
, (2.11)

yit2 = Hitγ0 + η2(Zi) + vit2, i = 1, . . . , N ; t = 1, . . . , T. (2.12)

Remark 2.1 One could also consider a more general version of the reduced form equations,

yit2 = h(Zit) + vit2. (2.13)

This specification only impacts the choice of the method for estimating the reduced form equa-

tions and can be easily accommodated within our current framework.
1It would be optimal to allow arbitrary correlation between the unobserved effect and explanatory variables.

However, Chamberlain (2010) has shown that when the observed covariates have bounded support, identification
is only possible when the error term has logistic distribution.
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In equations (2.11)-(2.12), following Blundell and Powell (2004) and Semykina and Wooldridge

(2018), we assume

vit1|Zi,yit2 ∼ vit1|Zi,vit2 ∼ vit1|vit2, (2.14)

vit2|Zi ∼ vit2, i = 1, . . . , N ; t = 1, . . . , T. (2.15)

Thus, the endogeneity problem can be addressed using the control function approach. If

(vit1,vit2) have a bivariate normal distribution, the system can be estimated by MLE. In this

paper, we do not make distributional assumptions, but instead consider a semiparametric ap-

proach proposed by Song (2017) and extend his method to panel data models.

3 Identification and Estimation

In this section, we consider the identification and least squares estimation for model (2.11)-

(2.12).

3.1 Identification

For illustration purposes, we adapt the Mundlak’s (1978) specification in this paper for η1(Zi)

and η2(Zi), i.e., η1(Zi) = z̄′iξ01 and η2(Zi) = H̄iξ02, respectively.2 Let wit = (yit2,x′it, z̄
′
i)
′ and

π0 = (α′0,β
′
0,−ξ′01)′ with the dimension dim (wit) = kw = ke + kx + kz. Then, model (2.11)

can be rewritten as

yit1 = 1[w′itπ0 − vit1 ≥ 0], i = 1, . . . , N ; t = 1, . . . , T. (3.1)

Furthermore, define Ft(·,vit2) as a function mapping R to [0, 1]. Throughout this paper we use

it to define the conditional cumulative distribution function (CDF) of vit1 given the value of

vit2, such that Ft(·,vit2) is the true conditional CDF of vit1 and F̂t(·,vit2) is the corresponding

estimator. Note that the conditional CDF is time-specific, so that the error distribution may

change over time (e.g. the error variance may change).

For identification of (3.1), it is required that the population parameter vector π0 ∈ Π is

unique and satisfies the following equality:

E (yit1|wit,vit2) = E
(
yit1|w′itπ0,vit2

)
. (3.2)

To that end, we make the following assumption:
2Our approach is applicable for any function that is linear in parameters.
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Assumption IC: (1) [Conditional CDF ] For each t, function Ft(·,vit2) is differentiable

and strictly increasing in its first argument on a set A with positive probability under the

distribution of wit;

(2) [Continuity of wit] Conditional on the control variable vit2, the vector wit contains at

least one continuously distributed component, w(1)
it , with nonzero coefficient;

(3) [No colinearity ] The span of the remaining components of wit, w
(−1)
it , contains no proper

linear subspace which has probability 1 under the distribution of wit.

The above assumptions are the extensions of those in Rothe (2009). We note that Assump-

tion IC(2) indicates the fact that having continuous endogenous variables in wit is not sufficient

for identification as the continuity might be from vit2. Therefore, it is necessary to have at least

one continuous variable in either xit or zit to achieve identification.

Theorem 3.1 If Assumption IC holds, then there exists a unique interior point π0 ∈ Π when

the relationship E (yit1|wit,vit2) = E (yit1|w′itπ0,vit2) holds for wit ∈ A with positive probabil-

ity.

See the Appendix for the proof.

3.2 Semiparametric Least Squares (SLS) Estimation

Once the model is identified, we can apply the least squares approach to estimate the parameters

in the model, which is an M-estimator that utilizes the conditional mean of yit1 given (wit,vit2)

to obtain moment conditions. Suppose the true value of error vit2 in the reduced form model

is known. Then, the SLS estimator can be obtained by minimizing the following function,

1
N

N∑
i=1

T∑
t=1

[yit1 − E (yit1|wit,vit2)]2. (3.3)

Based on the fact that the conditional expectation of yit1 (3.3) is equal to the conditional CDF

of vit1, it can be rewritten as

E[yit1|wit,vit2] = E(1[w′itπ0 − vit1 ≥ 0]|vit2)

= Ft(w′itπ0,vit2). (3.4)

If Ft(·,vit2) is known, then the objective function for model (3.3) has the form of

S̃N (π) =
1
N

N∑
i=1

T∑
t=1

[yit1 − Ft(w′itπ,vit2)]2. (3.5)
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Unfortunately, the conditional CDF Ft(·,vit2) is unknown in general, and thus S̃N (π) is infea-

sible in practice.

Following the strategy in Blundell and Powell (2004) and Rothe (2009), we can replace the

conditional CDF (3.4) by the Nadaraya-Watson estimator,

F̂t(w′itπ,vit2) =
p̂t(w′itπ,vit2)
q̂t(w′itπ,vit2)

, (3.6)

where

p̂t(w′itπ,vit2) =
1
N

∑
j 6=i

κ1

(w′itπ −w′jtπ

h1

)
κ2

(
vit2 − vjt2

h2

)
yjt1, (3.7)

q̂t(w′itπ,vit2) =
1
N

∑
j 6=i

κ1

(w′itπ −w′jtπ

h1

)
κ2

(
vit2 − vjt2

h2

)
, (3.8)

and κ1 (·) and κ2 (·) denote the kernel densities, and we can replace the control variable vit2 by

v̂it2 from the initial estimation of the reduced form model (2.12). For instance, we can estimate

(2.12) by pooled OLS to obtain estimators γ̂ and ξ̂2. Then, v̂it2 can be obtained by computing

pooled OLS residuals,

v̂it2 = yit2 −Hitγ̂ − Z̄iξ̂2. (3.9)

Consequently, we can replace the objective function (3.5) with

ŜN (π) =
1
N

N∑
i=1

T∑
t=1

[yit1 − F̂t(w′itπ, v̂it2)]2, (3.10)

and the resulting semiparametric least squares estimator (SLS) of π0 is given by

π̂SLS = arg min
π∈Rkw

ŜN (π), (3.11)

where kw = ke + kx + kz denotes the number of parameters in model (3.1).

Although the focus of this paper is on estimating parameter vector (α′0,β
′
0), researchers may

also be interested in estimating the average structural function (ASF), which was introduced

by Blundell and Powell (2004). The ASF returns the probability that yit1 = 1 for the given

values of explanatory variables. For the panel data model formulated here, the ASF for period

t is obtained by averaging over the marginal distribution of error vit2,

Gt(w′tπ0) =
∫
Ft(w′tπ0,vt2)dFvt2 , (3.12)
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where Fvt2 is the CDF of vit2 at time t. The derivative of Gt(w′tπ0) with respect to variable xk
represents the marginal change in the response probability due to an exogenous change in xk

and is analogous to the partial effect of xk in parametric models. Note that when evaluating

partial effects, function η1(Zi) should be fixed, along with other observed variables (other than

xk). Moreover, it is possible to average ASF over t:

1
T

T∑
t=1

∫
Ft(w′tπ0,vt2)dFvt2 . (3.13)

To obtain a consistent estimator of ASF, Blundell and Powell (2004) suggest estimating

Ft(w′tπ0,vt2) using the Nadaraya-Watson estimator, where yit1 is nonparametrically regressed

on w′itπ̂ and v̂it2. Rothe (2009) estimates Ft(w′tπ0,vt2) by the local linear estimator. Then,

the ASF for period t can be estimated as

1
N

N∑
i=1

F̂t(w′tπ̂SLS , v̂it2) (3.14)

for particular values of wt, which can be sample means, medians, or any other values.

4 Asymptotics

In this section, we provide the asymptotic results for the above SLS estimator.

4.1 Consistency

To show that the SLS estimator in (3.11) is consistent, we assume

Assumption CON: (1) [Compact space] Both π0 and π̂ belong to a compact parameter

space Π and are interior points;

(2) [Kernel function] κ1(·) : R → R and κ2(·) : Rke → R satisfy:
∫
κj(u)du = 1;∫

usκj(u)du = 0, for s = 1, · · · , r − 1 for some r ∈ N;
∫
urκj(u)dx < ∞; κj(x) is r times

continuously differentiable for j = 1, 2;

(3) [Bandwidth] There exist constants c1 and δ1 such that c1 > 0 and 1/(2r + 1) ≤ δ1 <

1/(4ke). Also, there exist c2j > 0 and 1/(2r + 1) ≤ δ2j < 1/(4ke) for j = 1, · · · , ke. Then the

bandwidth h1 and h2 satisfy h1 = c1N
−δ1 , h2 = (h21, h22, · · · , h2ke), where h2j = c2jN

−δ2j for

j = 1, · · · , ke.
(4) [Lipchitz continuity ] For each t, the conditional CDF Ft(·,vit2) is r times continuously

differentiable for some r ∈ N, and its r-th derivatives are Lipchitz continuous;
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(5) [Boundedness] The estimator v̂it2 satisfies maxi,t ‖v̂it2 − vit2‖ = op(N−1/4). Also define

Dit = (Hit, H̄i) and v̂it2−vit2 = N−1
∑N

j=1

∑T
s=1 g(Dit,Djs)ψjs+rit, where ψjs is an influence

function with E(ψjs|Djs) = 0, V ar(ψ2
js|Djs) <∞, E

[
g(Dit,Djt)2

]
= o(N) and maxi,t ‖rit‖ =

op(N−1/2).

Remark 4.1 Assumptions CON(2)-(3) define a standard bias-reducing kernel of order r, which

are used to reduce asymptotic bias in the estimator of Ft(·,vit2). The inequality regarding δ1

and δ2j indicates r > 2ke−1/2. Therefore, in practice it is suggested using higher order kernels.

CON(4) is standard for kernel smoothing theory. Finally, CON(5) regulates the estimation bias

in vit2 in the reduced form equations and requires that it is asymptotically approximated by

the influence function. Rothe (2009) and Song (2017) make similar assumptions. Note that

v̂it2−vit2 = Hit(γ̂−γ0)+(η̂2(Zi)−η2(Zi)), so that CON(5) will hold as long as the estimators

γ̂ and η̂2(·) are consistent as N →∞.

The consistency of the SLS estimator (3.11) is established in the following theorem.

Theorem 4.2 If Assumptions IC and CON hold, then as N →∞, we have

π̂SLS →p π0. (4.1)

See the Appendix for the proof.

4.2 Asymptotic Distribution of the SLS Estimator

Now let’s turn to the asymptotic distribution of π̂SLS . Since the criterion function (3.10) de-

pends on the nonparametric estimators of the conditional CDFs, while those nonparametric es-

timators themselves depend on the estimators of reduced-form parameters, the usual approach

to deriving the asymptotic distribution needs to be modified. Here, we follow the classical

analysis of Chen et. al. (2003) to derive the asymptotic distribution of π̂SLS .

To begin with, define

h = {(v(yit2, zit), Ft(·,v(yit2, zit)) : i = 1 · · · , N, t = 1 · · · , T}

where function v(yit2, zit) = vit2 = yit2 −Hitγ − H̄iξ2. The parameter space of h is denoted

as H, and the norm ‖h‖H is defined as

‖h‖H = max
i,t

(‖vit2‖∞ ∨ ‖Ft(·,vit2)‖∞) .
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Then, we generate the moment function that is rooted in our estimator. Namely,

M(π, h) = E

[
T∑
t=1

(yit1 − Ft(w′itπ,vit2)) · ∂Ft(w
′
itπ,vit2)
∂π

]
= E [mi(π, h)] , (4.2)

We also denote the sample analogue of M(π, h) as MN (π, h) = 1/N
∑T

i=1mi(π, h).

Based on the above definition, we are able to show that the conditions in Chen et. al. (2003)

are satisfied for this moment function. Hence, we can establish the asymptotic normality as in

Chen et. al. (2003). Before we state the main results, we need to make additional assumptions.

Assumption NR: (1) [Entropy condition]
∫∞

0

√
logN(ε,H, ‖·‖H)dε ≤ ∞, whereN(ε,H, ‖·‖H)

is the covering number with respect to ‖·‖H norm of classes of function h;

(2) [Rank condition] The matrix Ω = E

[
T∑
t=1

∂Ft(w′itπ0,vit2)
∂π0

∂Ft(w′itπ0,vit2)
∂π′0

]
is of full rank.

We note that Assumption NR(1) regulates the complexity of function space of h, which is a

necessary condition for the proof of stochastic equicontinuity. Similar condition has also been

imposed by most nonparametric estimators (e.g., Rothe (2009) and Song (2017)). Assumption

NR(2) requires the asymptotic variance-covariance matrix to be positive definite, which is a

standard assumption in the literature.

The asymptotic normality of π̂SLS is based on Chen et. al. (2003), who establish the

asymptotic normality for a semiparametric criterion function. Firstly, denote the ordinary

derivative of M(π, h) with respect to π as

Γ1(π, h) =
∂M(π, h)

∂π
, (4.3)

for all π ∈ Π and the pathwise derivative of M(π, h) as Γ2(π, h)
(
h̄− h

)
for all h̄ ∈ H.

For future purposes, we also define

Ψi(π, h) =
T∑
t=1

E

[
T∑
s=1

−∂Ft(w′jsπ,vjs2)
∂π

∂Ft(w′jsπ,vjs2)
∂v′js2

g(Djs,Dit)|Dit

]
ψit, (4.4)

and

φi(π, h) = mi(π, h) + Ψi(π, h). (4.5)

We also let

V = E
(
φi(π0, h0)φi(π0, h0)′

)
. (4.6)

As a result, provided the existence of both Γ1(π0, h0) and Γ2(π0, h0)[ĥ − h0], intuitively

we can apply the standard Taylor expansion of the moment function MN (π̂SLS , ĥ) = 0 around
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(π0, h0) and obtain

√
N(π̂SLS − π0) = −

√
NΓ1(π0, h0)−1

(
MN (π0, h0) + Γ2(π0, h0)[ĥ− h0]

)
. (4.7)

The asymptotic normality of π̂SLS can then be achieved by showing that the right-hand side of

(4.7) converges to normal distribution. In the Appendix, it is shown that the sum of MN (π0, h0)

and Γ2(π0, h0)[ĥ− h0] is Op(N−1/2), so that the asymptotic normality can be verified by stan-

dard central limit theorem. This is summarized in the following theorem:

Theorem 4.3 Under Assumptions CI, CON and NR, as N →∞, we have

√
N(π̂SLS − π0)→d N

(
0,Ω−1VΩ−1

)
, (4.8)

where Ω = E

[
T∑
t=1

∂Ft(w′itπ0,vit2)
∂π0

∂Ft(w′itπ0,vit2)′

∂π′0

]
, and V is provided in (4.6).

See the Appendix for a proof.

To perform inference, one needs to estimate the asymptotic variance-covariance (VC) matrix

in (4.8). Unfortunately, the VC matrix in (4.8) depends on a number of unknown and compli-

cated functions. For instance, matrix V depends on the influence function, which depends on

the choice of the estimator of (γ ′0, ξ
′
02)′. In order to obtain a feasible estimator of the asymptotic

VC matrix, one can either consider a nonparametric panel bootstrap procedure as in Chen et. al.

(2003) or a modified sample moment estimator as in Rothe (2009). For the bootstrap approach,

following Chen et. al. (2003), we let yi1 = (yi1,1, yi1,2, . . . , yi1,T )′, Yi2 = (yi2,1,yi2,2, . . . ,yi2,T )′,

and Zi = (zi1, zi2, . . . , ziT )′. Then we can draw {(y∗i1,Y∗i2,Z∗i )}Ni=1 randomly with replacement

from the original data {(yi1,Yi2,Zi)}Ni=1. The SLS estimator using the bootstrap sample is

given by

π̂∗ = arg min
π∈Rkw

1
N

N∑
i=1

T∑
t=1

[
y∗it1 − F̂t(w∗′itπ, v̂∗it2)

]2
. (4.9)

Chen et al. (2003) show that
√
N(π̂∗ − π̂SLS) has the same asymptotic distribution as

√
N(π̂SLS − π0).

On the other hand, as argued by Rothe (2009), the disadvantage of the nonparametric

bootstrap procedure is that it is extremely computational extensive. Therefore, for practical

purposes, here we follow Rothe (2009) to provide an estimator for the VC matrix in (4.8). Fol-

lowing the derivation in the Appendix, we are able to show a uniform convergence of F̂t(·, v̂it2)

to Ft(·,vit2) which also holds for the derivative of Ft. Then Ω can be estimated using a sample

11



analogue,

Ω̂ =
1
N

N∑
i=1

[
T∑
t=1

∂F̂t(w′itπ̂SLS , v̂it2)
∂π̂

∂F̂t(w′itπ̂SLS , v̂it2)
∂π̂′

]
. (4.10)

For matrix V in (4.8), the exact form of the influence function depends on the particular esti-

mator we adopt for equation (2.12). When function η2(·) in (2.12) is unknown, one can consider

semi/non-parametric estimation, and the resulting influence function can be constructed based

on the semi/non-parametric regression.3 For illustration purposes, here we consider a simple

case of (2.12) (e.g., η2(·) is specified in (2.5)) and use the pooled OLS estimator. The associated

terms in the asymptotic expansion of v̂it2 − vit2 are defined as follows:

g(Djs,Dit) = −Djs, (4.11)

ψit =

 1
N

N∑
l=1

T∑
p=1

D′lpDlp

−1

D′itvit2, (4.12)

where Dit = (Hit, H̄i). Consequently, Ψi(π, h) in (4.4) can be rewritten as

Ψi(π, h) =
T∑
t=1

T∑
s=1

E

−∂Ft(w′jsπ,vjs2)
∂π

∂Ft(w′jsπ,vjs2)
∂v′js2

Djs

 1
N

N∑
l=1

T∑
p=1

D′lpDlp

−1D′it(−vit2),

(4.13)

and thus V can be estimated as follows

V̂ =
1
N

N∑
i=1

φ̂i(π̂SLS , ĥ)φ̂
′
i(π̂SLS , ĥ), (4.14)

where

φ̂i(π̂SLS , ĥ)

=

 1
N

N∑
j=1

T∑
s=1

−∂F̂t(w′jsπ̂SLS , v̂js2)
∂π̂

∂F̂t(w′jsπ̂SLS , v̂js2)
∂v̂′js2

Djs

 1
N

N∑
l=1

T∑
p=1

D′lpDlp

−1
T∑
t=1

D′it (−v̂it2)

+
T∑
t=1

[
yit1 − F̂t(w′itπ̂SLS , v̂it2)

]
· ∂F̂t(w

′
itπ̂SLS , v̂it2)
∂π̂

. (4.15)

Combining (4.10)-(4.15) yeilds the estimator for the VC matrix in (4.8).
3See Rothe (2009, p. 55) for an example of the influence function based on a kernel regression.
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5 Monte Carlo Simulation

To gain insights on the performance of the proposed estimator in finite samples we conduct

limited Monte Carlo experiments. We consider the following data generating process (DGP)

with a single endogenous variable:

yit1 = 1[yit2β1 + zit1β2 − ci1 > uit1], (5.1)

for i = 1, . . . , N and t = 1, . . . , T . The endogenous variable, yit2, is generated by

yit2 = zit1γ1 + zit2γ2 + zit3γ3 + ci2 + uit2, (5.2)

where zit = (zit1, zit2, zit3)′ are exogenous variables. Let z̄i = T−1
∑T

t=1 zit. The unobserved

individual effects are generated as

ci1 = z̄′iξ1 + ai1, (5.3)

ci2 = η2 + z̄′iξ2 + ai2. (5.4)

Note that inserting (5.3) into (5.1) yields

yit1 = 1[w′itπ − vit1 ≥ 0],

where wit = (yit2, zit1, z̄′i)
′, π = (1, β,−ξ′1)′ and vit1 = ai1 + uit1. Substituting (5.4) into (5.2)

gives

yit2 = η2 + z′itγ + z̄′iξ2 + vit2,

where vit2 = ai2 + uit2. Following Semykina and Wooldridge (2018), the exogenous variables

zitj are generated by

zitj = bij + εitj , for j = 1, 2, 3,

where bij are independent across i and distributed as N (0, 1/4) with Corr
(
bij , bij′

)
= 1/4,

for j′ = 1, 2, 3 and j′ 6= j; εitj are independent across i and t and distributed as N (0, 3/4) .

The unobserved effects are generated as ai1 = ρai2 + εit, where ai2 ∼ IIDN
(
0, σ2

a

)
and εit ∼

IIDN
[
0, (1− ρ)2σ2

a

]
. The idiosyncratic errors are generated as uit1 = ρuit2 + eit. We consider

the following designs for uit2 and eit:

• Design I (Gaussian errors): For all i and t,

uit2 ∼ IIDN
(
0, σ2

u

)
, eit ∼ IIDN

[
0, (1− ρ)2σ2

u

]
. (5.5)
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• Design II (Non-Gaussian errors): For all i and t,

uit2 ∼ IID
{
σu
[
χ2 (1)− 1

]
/
√

2
}
, eit ∼ IID

{
σe
[
χ2 (1)− 1

]
/
√

2
}
, (5.6)

where χ2 (1) denotes a chi-square random variable with one degree of freedom.

The true parameter values are set to β1 = 1, β2 = 1, γ = (γ1, γ2, γ3)′ = (2/3, 2/3, 1/3)′ ,

η2 = 1, ξ1 = (−1/3,−1/3,−1/3)′, ξ2 = (1/3, 1/3, 1/3)′, ρ = 0.5, (σa)2 = 1/4, σ2
u = 3/4, and

(σe)2 = 5. We focus on the estimated relative effect, β̂2/β̂1.

In computing the SLS estimator, we treat the bandwidths, h1 and h2, as additional param-

eters of the objective function as in Rothe (2009), and perform the following minimization with

respect to π, h1 and h2 jointly:

(
π̂′SLS , ĥ1, ĥ2

)′
= arg min

(π′,h1,h2)′

1
N

N∑
i=1

T∑
t=1

[yit1 − F̂t(w′itπ, v̂it2)]2, (5.7)

where

F̂t(w′itπ, v̂it2) =

∑
j 6=i κ1

(
w′itπ−w′jtπ

h1

)
κ2

(
v̂it2−v̂jt2

h2

)
yjt1∑

j 6=i κ1

(
w′itπ−w′jtπ

h1

)
κ2

(
v̂it2−v̂jt2

h2

) , t = 1, . . . , T,

and v̂it2 = yit2 − η̂2 − z′itγ̂ − z̄′iξ̂2, for i = 1, . . . , N , is the residual from the initial pooled

OLS estimation of the reduced form model for yit2. After obtaining v̂it2, but prior to solving

the minimization problem, all regressors in wit and v̂it2 were orthogonalized by the Cholesky

transformation. The estimated parameters are then recovered by the reverse transformation

after the minimization.4 Second-order Gaussian kernels were used in the computation.

For comparison, we computed the Two-step Probit estimator and the Two-step 2SLS es-

timator for a linear probability model, where the endogeneity was corrected using a control

function approach, and the unobserved heterogeneity was modeled using the Mundlak device.

We consider combinations of N = 250, 500, 1, 000, and T = 3, 5, 10. The number of

replication is R = 1, 000 for each experiment. The estimation results for the relative effects,

β̂2/β̂1, are presented in Tables 1 and 2. For each estimator of β2/β1, we report bias, standard

deviation (SD), root mean squared error (RMSE), median absolute deviation (MAD) and in-

terquantile range (IQR). In addition, we compute the bootstrap standard errors averaged across

1, 000 Monte Carlo samples. The number of bootstrap replications is B = 200 for the Probit
4Specifically, let xit = (w′it, v̂it2)

′
and Ω be the sample covariance matrix of xit. By the Cholesky decom-

position we have Ω = LL′, where L is a lower triangular matrix. Then we use x̃it = L′xit in the optimization
given by (5.7) and obtain a vector of estimated parameters π̃. Finally the SLS estimates, π̂, are recovered from
all but the last parameters in L (π̃′, 0)

′
.
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and 2SLS estimators, and set to B = 100 for the SLS estimator due to high computational

intensity. Analytical standard errors of the SLS estimator, averaged over all replications, are

reported in the last column in Tables 1 and 2.

Several patterns emerge. When errors have Gaussian distribution (Table 1), parametric

estimators tend to have smaller bias and less dispersion. However, as the sample size grows, the

advantages of parametric methods diminish. For all N and T , the Two-step Probit estimator

has the smallest RMSE thanks to both less bias and more precision. The latter finding is as

expected, because under Design I the Probit model is correctly specified. On the other hand,

the proposed SLS has quite comparable performance.

When the error distribution is not Gaussian (Table 2), the SLS estimator tends to have a

larger bias when N = 250. However, both the bias and the dispersion of the SLS estimator

decrease with N . As a result, for each T , it has the smallest bias, RMSE, MAD, and IQR when

N = 1, 000. Note that bootstrap standard errors behave well in all experiments (both tables).

Analytical standard errors are reasonably close to standard deviations for N = 1, 000, but are

rather inaccurate for smaller N . Hence, in empirical applications it is better to use bootstrap

standard errors when performing the SLS estimation.

6 Empirical Application

As an empirical application we study the labor force participation decisions of married women

using the Panel Study of Income Dynamics (PSID) data, years 1982-1984. The sample includes

742 white women, ages 20-57, who were married in all three years. Thus, it is a balanced

three-year panel.

We consider the following model:

inlfit = 1[β1nwfincit + β2ageit + β3educit + β4kidsit + αt − ci1 > uit1], (6.1)

for i = 1, . . . , N and t = 1, . . . , T , where inlfit is an indicator equal to one if woman i reported

positive work hours in year t, nwfinc is non-wife income, defined as a difference between the

total family income and woman’s earnings (measured in thousands of dollars), age and educ are

the woman’s age and years of schooling, respectively, kids is the number of children less than six

years old, αt is a year-specific intercept, and ci1 is the unobserved individual effect. A significant

portion of the non-wife income is husband’s earnings. As long as spouses’ labor market decisions

are determined simultaneously, spousal earnings and, therefore, non-wife income is potentially
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endogenous. The reduced form equation is modeled as

nwfincit = γ1ageit + γ2educit + γ3kidsit + γ4hageit + γ5heducit + ηt + ci2 + uit2, (6.2)

where hage and heduc are husband’s age and years of education, respectively. The instruments

(hage and heduc) are expected to affect non-wife income through their impact on husband’s

earnings, but should have no partial effect on the woman’s labor force participation decision.

We assume all explanatory variables except nwfinc are strictly exogenous conditional on the

unobserved effect. Table 3 reports the descriptive statistics of the employed variables.

To account for a non-zero correlation between the unobserved effect and covariates, the time

means of exogenous variables were included in both (6.1) and (6.2). The time means of educit
and heducit were not included due to no variation over time. This means that the effect of

education cannot be separated from the impact of the unobserved heterogeneity and should be

interpreted with caution. However, it does not affect the reliability of the estimated effects of

other variables because educit and heducit serve as sufficient controls, as they capture both the

direct effects and the impact of the unobserved heterogeneity.

We estimate model parameters using the SLS and instrumental variables probit estimator

(IV-Probit), which estimates both equations jointly by full MLE. For comparison, we also report

results from a usual probit regression and a semiparametric least squares estimation that does

not account for endogeneity (SLS-exog.). Because semiparametric methods can only estimate

relative effects, we focus on discussing coefficient ratios. Moreover, only bootstrap standard

errors are computed for the SLS and SLS-exog., as they behaved better in simulations. Table

4 summarizes estimation results.

One notable finding is that β̂nwinc/β̂age are very similar for the IV-Probit and SLS. In

contrast, the estimators that do not account for endogeneity produce much smaller relative

effects of the non-wife income. Similarly, the semiparametric estimates of the coefficient ratios

for education and number of children are slightly smaller when not correcting for endogeneity.

Finally, we are interested in how the propensity of working would change as non-wife income

changes while fixing all the other explanatory variables at their sample means. To this end,

we estimate the average structural function (ASF) derived from the SLS estimation following

(3.14), where Ft is estimated by the Nadaraya-Watson estimator with bandwidths selected by

the leave-one-out least-squares cross-validation. Figures 1–3 present the estimated ASF for each

year of our panel, respectively, and Figure 4 displays the ASF averaged over all three years.

In each figure, the ASF is plotted over the 5–95% range of the non-wife income distribution

observed in our sample ($7,721–$68,200). To examine the effect of correcting for endogeneity
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on the estimated marginal probability, we also estimate the ASF derived from the SLS-exog.

estimation. As can be seen from the graphs, the probability of working decreases monotonically

and significantly with non-wife income for all years. When endogeneity is accounted for, the

probability of working drops from approximately 0.85 to 0.4, with slower (faster) decline at lower

(higher) non-wife income level. In contrast, if endogeneity of non-wife income is neglected, we

tend to underestimate (overestimate) the probability of working when non-wife income is low

(high). In all but the third year of our panel, ignoring endogeneity results in a much flatter

and almost linear estimate of ASF, with estimated probability of working lying in a narrower

range of 0.8 to 0.6. These results exemplify the bias in the estimated response probability due

to failure to control for endogeneity.

7 Conclusion

In this paper, we considered a semiparametric least squares method for estimating parameters

in binary response panel data models with endogenous variables. The method permits a non-

zero correlation between the covariates and unobserved time-invariant effect and accounts for

endogeneity caused by the correlation with an idiosyncratic error. We show that the estimator

is
√
N -consistent and asymptotically normal. The results of Monte Carlo experiments indicate

that the estimator performs well in finite samples. When the error distribution is not normal,

the SLS estimator has a smaller bias and less variance than a parametric IV-Probit estimator.

An important advantage of the considered estimator is that it can be used for estimating

panel data models, where time dependence is present. Moreover, the employed least squares

method is less computationally intense than other existing approaches. Future research could

consider extending the method to models with cross sectional dependence.
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Table 1: Small sample properties of the estimators of β2/β1 for Design I (Gaussian errors)

Bootstrap Average
Bias SD RMSE MAD IQR SE SE

T = 3 N = 250 SLS 0.0580 0.4360 0.4397 0.2330 0.4759 0.4235 0.2270
Two-step Probit 0.0273 0.2688 0.2701 0.1673 0.3383 0.2499
Two-step 2SLS 0.0366 0.3394 0.3412 0.1959 0.3967 0.3130

N = 500 SLS 0.0436 0.2480 0.2516 0.1569 0.3209 0.2328 0.1796
Two-step Probit 0.0286 0.1887 0.1908 0.1274 0.2535 0.1745
Two-step 2SLS 0.0365 0.2267 0.2295 0.1440 0.2879 0.2164

N = 1, 000 SLS 0.0104 0.1506 0.1509 0.0995 0.2017 0.1438 0.1335
Two-step Probit 0.0057 0.1199 0.1200 0.0796 0.1619 0.1194
Two-step 2SLS 0.0060 0.1494 0.1495 0.0990 0.1986 0.1464

T = 5 N = 250 SLS 0.0141 0.2266 0.2269 0.1420 0.2937 0.2307 0.1933
Two-step Probit 0.0127 0.1699 0.1703 0.1163 0.2324 0.1688
Two-step 2SLS 0.0175 0.2098 0.2105 0.1354 0.2813 0.2082

N = 500 SLS 0.0141 0.1622 0.1627 0.1077 0.2145 0.1480 0.1485
Two-step Probit 0.0119 0.1242 0.1247 0.0748 0.1500 0.1191
Two-step 2SLS 0.0177 0.1478 0.1488 0.0988 0.2009 0.1459

N = 1, 000 SLS 0.0044 0.0993 0.0994 0.0637 0.1277 0.0991 0.1106
Two-step Probit 0.0038 0.0821 0.0822 0.0514 0.1039 0.0829
Two-step 2SLS 0.0026 0.1000 0.1000 0.0655 0.1305 0.1007

T = 10 N = 250 SLS 0.0154 0.1448 0.1455 0.0908 0.1824 0.1419 0.1902
Two-step Probit 0.0116 0.1145 0.1150 0.0738 0.1453 0.1105
Two-step 2SLS 0.0153 0.1334 0.1342 0.0881 0.1762 0.1346

N = 500 SLS 0.0064 0.0986 0.0988 0.0673 0.1368 0.0952 0.1448
Two-step Probit 0.0045 0.0795 0.0796 0.0526 0.1048 0.0776
Two-step 2SLS 0.0050 0.0960 0.0961 0.0650 0.1303 0.0940

N = 1, 000 SLS -0.0029 0.0670 0.0671 0.0446 0.0875 0.0649 0.1086
Two-step Probit -0.0030 0.0533 0.0534 0.0343 0.0683 0.0544
Two-step 2SLS -0.0020 0.0653 0.0653 0.0427 0.0840 0.0658

Notes: The DGP is given by (5.1), where the errors follow Gaussian distributions under Design I. The true
value of β2/β1 is 1. The bootstrap standard errors of the Probit and 2SLS estimators are computed using
B = 200 replications per sample and averaged across R = 1, 000 Monte Carlo samples. The number of
bootstrap replications for the SLS estimator is B = 100.
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Table 2: Small sample properties of the estimators of β2/β1 for Design II (Non-Gaussian errors)

Bootstrap Average
Bias SD RMSE MAD IQR SE SE

T = 3 N = 250 SLS 0.1583 0.7957 0.8109 0.2970 0.6329 0.9491 0.3487
Two-step Probit 0.1060 0.5177 0.5282 0.2853 0.5880 0.4994
Two-step 2SLS 0.1086 0.5464 0.5568 0.2796 0.5840 0.5042

N = 500 SLS 0.0334 0.3339 0.3354 0.1977 0.3962 0.3666 0.2279
Two-step Probit 0.0410 0.3394 0.3417 0.2056 0.4124 0.3203
Two-step 2SLS 0.0405 0.3376 0.3398 0.1975 0.3989 0.3200

N = 1, 000 SLS 0.0100 0.2104 0.2106 0.1308 0.2642 0.2129 0.1646
Two-step Probit 0.0193 0.2215 0.2222 0.1475 0.2929 0.2172
Two-step 2SLS 0.0166 0.2207 0.2212 0.1435 0.2881 0.2159

T = 5 N = 250 SLS 0.0378 0.3322 0.3342 0.2017 0.4112 0.3945 0.2310
Two-step Probit 0.0363 0.3191 0.3210 0.2159 0.4280 0.3119
Two-step 2SLS 0.0339 0.3192 0.3208 0.2037 0.4144 0.3114

N = 500 SLS 0.0219 0.2173 0.2183 0.1471 0.2981 0.2289 0.1704
Two-step Probit 0.0257 0.2240 0.2253 0.1436 0.2857 0.2166
Two-step 2SLS 0.0263 0.2209 0.2224 0.1401 0.2870 0.2164

N = 1, 000 SLS 0.0151 0.1477 0.1484 0.0951 0.1946 0.1470 0.1236
Two-step Probit 0.0164 0.1538 0.1546 0.0970 0.1949 0.1502
Two-step 2SLS 0.0159 0.1523 0.1530 0.0975 0.1964 0.1495

T = 10 N = 250 SLS 0.0179 0.2088 0.2094 0.1275 0.2636 0.2305 0.1744
Two-step Probit 0.0193 0.2032 0.2040 0.1329 0.2653 0.2004
Two-step 2SLS 0.0196 0.2037 0.2046 0.1333 0.2694 0.1998

N = 500 SLS 0.0088 0.1359 0.1361 0.0922 0.1851 0.1448 0.1293
Two-step Probit 0.0062 0.1405 0.1405 0.0918 0.1851 0.1397
Two-step 2SLS 0.0067 0.1388 0.1389 0.0903 0.1810 0.1392

N = 1, 000 SLS 0.0074 0.0949 0.0952 0.0648 0.1307 0.0946 0.0973
Two-step Probit 0.0083 0.0978 0.0981 0.0673 0.1359 0.0986
Two-step 2SLS 0.0087 0.0984 0.0987 0.0675 0.1335 0.0981

Notes: The DGP is given by (5.1), where the errors follow chi-square distributions under Design II. The true
value of β2/β1 is 1. The bootstrap standard errors of the Probit and 2SLS estimators are computed using
B = 200 replications per sample and averaged across R = 1, 000 Monte Carlo samples. The number of
bootstrap replications for the SLS estimator is B = 100.
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Table 3: Descriptive statistics

Variable Mean Std. Dev. Min Max

Labor force participation .6999 .4584 0 1
Nonwife income in $1,000 32.9073 25.0175 -14.9979 397.55
Age 37.4061 9.4811 20 57
Educ 12.7008 2.2018 2 17
Number of kids .5076 .7382 0 3
Husband’s age 40.0189 10.3895 20 76
Husband’s education 12.9811 2.7409 3 17

Notes: Sample size is N = 742 and T = 3. Labor force participation is an indicator equal to one if the woman
worked (hours>0) in a given year. Age and education are measured in years.
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Table 4: Estimation results of labor force participation for married women

Reduced form Probit-exog. IVProbit SLS-exog. SLS
for nwinc

Independent Variable (1) (2) (3) (4) (5)

Nonwife income -0.011*** -0.021***
(0.003) (0.008)

Age 0.351 0.086 0.088
(0.669) (0.055) (0.054)

Education 1.120** 0.147*** 0.154***
(0.480) (0.027) (0.029)

Number of kids -0.410 -0.205*** -0.203***
(0.926) (.078) (.077)

Husband’s age 0.068
(0.812)

Husband’s education 2.413***
(0.387)

β̂nwinc/β̂age -0.128 -0.240 -0.082 -0.239*
(0.085) (0.168)
[0.087] [0.171] [0.133] [0.133]

β̂educ/β̂age 1.696 1.756 0.918 1.307*
(1.100) (1.114)
[1.075] [1.101] [0.635] [0.721]

β̂kids/β̂age -2.370 -2.318 -1.960*** -2.502**
(1.807) (1.742)
[1.771] [1.719] [0.655] [1.188]

Number of observations N = 742, T = 3

Notes: The main model and reduced form equation are specified in (6.1) and (6.2), respectively. All estimations
include year indicators and time means of exogenous regressors. Time means of education variables were
excluded due to no variation over time. Analytical clustered standard errors are in parentheses, and panel
boostrapped standard errors based on 1,000 replications are in brackets. *, **, *** indicate significance at the
10, 5, and 1 percent levels, respectively.
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Figure 1: Average structural function for the first year of our panel
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Figure 2: Average structural function for the second year of our panel
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Figure 3: Average structural function for the third year of our panel
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Figure 4: Average structural function averaged over all three yeas of our panel
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A Appendix: Mathematical Derivations

This appendix contains mathematical derivations for the main results in the paper.

A.1 Proof for Theorem 3.1

Proof. The proof is similar to Manski (1985); here we only sketch the proof. By setups of the

model, we have

E[yit1|wit,vit2] = E[yit1|w′itπ0,vit2]

Suppose now there exists parameter π̌ 6= π0, which satisfies

E[yit1|wit,vit2] = E[yit1|w′itπ̌,vit2].

It then implies that we can recover information of w′itπ0 from w′itπ̌ and vit2. Therefore we can

find a monotonic function g(·,vit2) which is continuous for all vit2 such that

w′itπ̌ = g(w′itπ0,vit2). (A.1)

By Assumption IC(2) there is one continuous regressor w(1)
it for which we can normalize its

coefficient as 1. Then we can differentiate (A.1) with respect to w(1)
it to obtain

1 =
∂g(w′itπ0,vit2)

∂w
(1)
it

, (A.2)

which verifies g(·,vit2) is an identity function. Thus w′itπ̌ = w′itπ0. By Assumption IC(3), this

equation holds if and only if π̌ = π0.

A.2 Proof for Theorem 4.2

Before showing the proof of Theorem 4.2, we provide some preliminary lemmas.

Lemma A.1 Under Assumptions CON, we have the following equations hold uniformly for

π ∈ Π

p̂t(w′itπ, v̂it2) = p̂t(w′itπ,vit2) + op(N−
1
4 ),

q̂t(w′itπ, v̂it2) = q̂t(w′itπ,vit2) + op(N−
1
4 ).

Proof. Here we just prove for the first equation since the rest can be shown similarly. We
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note that by applying Taylor expansion on p̂t(w′itπ, v̂it2) around vit2, we obtain

p̂t(w′itπ, v̂it2) = p̂t(w′itπ,vit2) +
∂p̂t(w′itπ,vit2)

∂vit2
(v̂it2 − vit2) + op(N−1/4),

where the last term is obtained using the assumption maxi,t ‖v̂it2 − vit‖ = op
(
N−1/4

)
. Now

for the second term, we can decompose it further as follows, where for convenience we drop the

argument for kernel functions κ1 and κ2,

∂p̂t(w′itπ,vit2)
∂vit2

(v̂it2 − vit2) =
1

Nhke
2

∑
j 6=i

κ1
∂κ2

∂vit2
yjt1(v̂it2 − vit2)

=
1

Nhke
2

∑
j 6=i

κ1
∂κ2

∂vit2
yjt1

(
1
N

N∑
l=1

T∑
s=1

g(Dit,Dls)ψls + op(N−1/2)

)

=
1

N2hke
2

N∑
l=1

T∑
s=1

∑
j 6=i

κ1
∂κ2

∂vit2
yjt1g(Dit,Dls)ψls + op(N−1/2)

=
1

Nhke
2

N∑
l=1

T∑
s=1

E

[
E

(
κ1

∂κ2

∂vit2
yjt1|Dit

)
g(Dit,Dls)|Dls

]
ψls + op(N−1/2)

= Op(N−1/2h−ke
2 ).

where the fourth equation is by projection for U-statistics. By Assumption CON(3) for j =

1, · · · , ke,
Op(N−1/2h−ke

2 ) = Op(Nkeδ2j−1/2) < Op(N−1/4).

Therefore p̂t(w′itπ, v̂it2) = p̂(w′itπ,vit2) + op(N−1/4).

Lemma A.2 Under Assumptions CON, as N goes to infinity,

sup
π∈Π

∣∣∣F̂t(w′itπ, v̂it2)− Ft(w′itπ,vit2)
∣∣∣ = op(N−1/4),

sup
π∈Π

∣∣∣∣∣∂F̂t(w′itπ, v̂it2)
∂π

− ∂Ft(w′itπ,vit2)
∂π

∣∣∣∣∣ = op(N−1/4),

sup
π∈Π

∣∣∣∣∣∂F̂t(w′itπ, v̂it2)
∂v̂it2

− ∂Ft(w′itπ,vit2)
∂vit2

∣∣∣∣∣ = op(N−1/4).

Proof. This follows from the standard kernel smoothing theory, here we just show the first

equation since the proof is similar for the rest. From Masry (1996) and under Assumption
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CON(3), we have ∣∣∣F̂t(w′itπ,vit2)− Ft(w′itπ,vit2)
∣∣∣ ≤ Op(N−1/4).

Then by Lemma A.1 and the triangular inequality, we obtain

sup
π∈Π

∣∣∣F̂t(w′itπ, v̂it2)− Ft(w′itπ,vit2)
∣∣∣

≤ sup
π∈Π

∣∣∣F̂t(w′itπ, v̂it2)− F̂t(w′itπ,vit2)
∣∣∣+ sup

π∈Π

∣∣∣F̂t(w′itπ,vit2)− Ft(w′itπ,vit2)
∣∣∣

= op

(
N−1/4

)
.

Now we are ready to prove Theorem 4.2 as follows.

Proof of Theorem 4.2. To obtain the consistency of π̂SLS . we first show the uniform

convergence of ŜN (π) to S̃N (π). Namely, for any π ∈ Π we have∣∣∣ŜN (π)− S̃N (π)
∣∣∣

=

∣∣∣∣∣ 1
N

N∑
i=1

T∑
t=1

2yit1
[
F̂t(w′itπ, v̂it2)− Ft(w′itπ,vit2)

]
+
[
F̂t(w′itπ, v̂it2)2 − Ft(w′itπ,vit2)2

]∣∣∣∣∣
≤ 2

N

N∑
i=1

T∑
t=1

|yit1|
∣∣∣F̂t(w′itπ, v̂it2)− Ft(w′itπ,vit2)

∣∣∣+
1
N

N∑
i=1

T∑
t=1

∣∣∣F̂t(w′itπ, v̂it2)2 − Ft(w′itπ,vit2)2
∣∣∣ .

By Lemma A.2, we obtain

sup
π∈Π

∣∣∣ŜN (π)− S̃N (π)
∣∣∣ = op(1). (A.3)

Define S(π) as the probability limit of S̃N (π). Then, by the uniform law of large numbers,

sup
π∈Π

∣∣∣S̃N (π)− S(π)
∣∣∣ = op(1). (A.4)

and by triangular inequality,

sup
π∈Π

∣∣∣ŜN (π)− S(π)
∣∣∣ = op(1). (A.5)
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On the other hand, based on the data generating process for yit1,

S(π) =
T∑
t=1

{
E
[
yit1 − Ft(w′itπ,vit2)

]2}
=

T∑
t=1

{
E
[
y2
it1 − 2yit1Ft(w′itπ,vit2) + Ft(w′itπ,vit2)2

]}
=

T∑
t=1

{
E
[
Ft(w′itπ0,vit2)2 − 2Ft(w′itπ0,vit2)Ft(w′itπ,vit2) + Ft(w′itπ,vit2)2

]}
By taking the first order derivative with respect to w′itπ, the first order condition becomes

Ft(w′itπ0,vit2) = Ft(w′itπ,vit2),

which indicates E (yit1|wit,vit2) = E (yit1|w′itπ,vit2) . By the identification condition of The-

orem 3.1, this holds only if π = π0. Then, following Theorem 2.1 in Newey and McFadden

(1994), we obtain π̂SLS = π0 + op(1) as required.

A.3 Proof for Theorem 4.3

The proof of Theorem 4.3 is accomplished by showing that the six conditions in Theorem 2 of

Chen et. al. (2003) are satisfied. We prove each condition holds by the following six lemmas.

Lemma A.3 Under Assumptions CI, CON and NR,∥∥∥MN (π̂SLS , ĥ)
∥∥∥ = inf

π∈Π

∥∥∥MN (π, ĥ)
∥∥∥+ op

(
N−1/2

)
.

Proof. This is obvious since with π̂ the moment function MN (π, ĥ) achieves the value of

zero.

Lemma A.4 Under Assumptions CI, CON and NR, Γ1(π, h0) exists for π ∈ Π and is contin-

uous at π0.

Proof. The first part is obvious by following the definition in (4.3). The second part can
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be verified by showing

Γ1(π0, h0) = E

(
T∑
t=1

[
(yit1 − Ft(w′itπ0,vit2)) · ∂

2Ft(w′itπ0,vit2)
∂π0∂π′0

− ∂Ft(w′itπ0,vit2)
∂π0

∂Ft(w′itπ0,vit2)
∂π′0

])

= −E

(
T∑
t=1

∂Ft(w′itπ0,vit2)
∂π0

∂Ft(w′itπ0,vit2)
∂π′0

)
= −Ω,

which together with assumption CON(4) indicates the continuity of Γ1(π, h0) at π = π0.

Lemma A.5 Under Assumptions CI, CON and NR, the pathwise derivative Γ2(π, h0)[h̄− h0]

exists in all directions [h̄−h0] ∈ H, and for all (π, h̄) ∈ Π×H with a positive sequence δn = o(1),

we have:

(1)
∥∥M(π, h̄)−M(π, h0)− Γ2(π, h0)[h̄− h0]

∥∥ ≤ c||h̄− h0||2H for a constant c ≥ 0;

(2)
∥∥Γ2(π, h0)[h̄− h0]− Γ2(π0, h0)[h̄− h0]

∥∥ ≤ o(1)δn.

Proof. For h̄ that is close to h0, the pathwise derivative can be calculated as following

Γ2(π, h0)[h̄− h0]

= E
T∑
t=1

[
−∂Ft(w′itπ,vit2)

∂π

∂Ft(w′itπ,vit2)
∂v′it2

(v̄it2 − vit2)

−∂Ft(w
′
itπ,vit2)
∂π

(F̄t(w′itπ,vit2)− Ft(w′itπ,vit2))

−
([
yit1 − Ft(w′itπ,vit2)

] ∂2Ft(w′itπ,vit2)
∂π∂v′it2

(v̄it2 − vit2)
)]

.

And by the law of iterated expectations, we can show

Γ2(π0, h0)[h̄− h0]

= E

T∑
t=1

[
−∂Ft(w′itπ0,vit2)

∂π0

∂Ft(w′itπ0,vit2)
∂v′it2

(v̄it2 − vit2)

−∂Ft(w
′
itπ0,vit2)
∂π0

(F̄t(w′itπ0,vit2)− Ft(w′itπ0,vit2))
]
.

Then by Assumption CON (4), which requires that function Ft is Lipchitz continuous for high

orders, the two equalities can be verified.

Lemma A.6 Under Assumptions CI, CON and NR, ĥ ∈ H with probability tending to one,

and ||ĥ− h0||H = op(N−1/4).
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Proof. We note that v̂it2 − vit2 = op(N−1/4) from Assumption CON(5). As a result,

together with Lemma A.2, we obtain F̂t(·, v̂it2) − Ft(·,vit2) = op(N−1/4) for each t, and ||ĥ −
h0||H = op(N−1/4) as required.

Lemma A.7 Under Assumptions CI, CON and NR, for all sequences of positive numbers {δN}
with δN = o(1),

sup
||π−π0||≤δN ,||h−h0||H≤δN

√
N ‖MN (π, h)−M(π, h)−MN (π0, h0)‖ = op(1).

Proof. This result can be verified by showing that Donsker Theorem holds for MN (π, h)−
M(π, h). Define

qit(π, Ft,vit2) = (yit1 − Ft(w′itπ,vit2)) · Ft(w
′
itπ,vit2)
∂π

,

mi(π, h) =
T∑
t=1

qit(π, Ft,vit2),

so that MN (π, h) = 1/N
∑N

i=1mi(π, h). Following Chen et. al. (2003), firstly let’s show

LP (2)-continuity of MN (π, h) with respect to π and h, that is

E

(
sup

||π∗−π||≤δ,||h∗−h||H≤δ
‖mi(π∗, h∗)−mi(π, h)‖2

)
≤ Cδ2, (A.6)

where C is a finite positive constant, δ = o(1) is a small positive number.

Then equation (A.6) can be written as

E

 sup
||π∗−π||≤δ,||h∗−h||H≤δ

∥∥∥∥∥
T∑
t=1

qit(π∗, F ∗t ,v
∗
it2)− qit(π, Ft,vit2)

∥∥∥∥∥
2


≤
T∑
t=1

E

(
sup

||π∗−π||≤δ,||h∗−h||H≤δ
‖qit(π∗, F ∗t ,v∗it2)− qit(π, Ft,vit2)‖2

)
,

Moreover,

‖qit(π∗, F ∗t ,v∗it2)− qit(π, Ft,vit2)‖2 ≤ ‖qit(π∗, F ∗t ,v∗it2)− qit(π, F ∗t ,v∗it2)‖2 + ‖qit(π, F ∗t ,v∗it2)

−qit(π, Ft,v∗it2)‖2 + ‖qit(π, Ft,v∗it2)− qit(π, Ft,vit2)‖2.
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For the first term, by mean value theorem there exists some π̃ between π∗ and π such that

sup
||π∗−π||≤δ

‖qit(π∗, F ∗t ,v∗it2)− qit(π, F ∗t ,v∗it2)‖2 = sup
||π∗−π||≤δ

∥∥∥∥∂qit(π̃, F ∗t ,v∗it2)
∂π

(π∗ − π)
∥∥∥∥2

≤ Cδ2

∥∥∥∥∂qit(π̃, F ∗t ,v∗it2)
∂π̃

∥∥∥∥2

.

Furthermore, the right-hand side can be decomposed as∥∥∥∥∂qit(π̃, F ∗t ,v∗it2)
∂π̃

∥∥∥∥ =
∥∥∥∥−∂F ∗t∂π̃

∂F ∗t
∂π̃′

+ (yit1 − F ∗t )
∂2F ∗t
∂π∂π′

∥∥∥∥ , (A.7)

where we drop the arguments in F ∗t on the right-hand side for convenience; the arguments are

the same as those in qit on the left-hand side. Then, (A.7) is bounded by the continuity and

boundedness of function Ft and its derivatives, as stated in Assumption CON (4). Therefore,

E

(
sup

||π∗−π||≤δ
‖qit(π∗, F ∗t ,v∗it2)− qit(π, F ∗t ,v∗it2)‖2

)
≤ C1δ

2,

where C1 is a positive constant. For the second term, we can replace F ∗t and get

sup
||π∗−π||≤δ,||h∗−h||H≤δ

‖qit(π, F ∗t ,v∗it2)− qit(π, Ft,v∗it2)‖2

≤ sup
||π∗−π||≤δ,||h∗−h||H≤δ

∥∥∥∥(yit1 − Ft + δ/2) · ∂Ft
∂π
− (yit1 − Ft) ·

∂Ft
∂π

∥∥∥∥2

= sup
||π∗−π||≤δ,||h∗−h||H≤δ

δ2

4

∥∥∥∥∂Ft∂π

∥∥∥∥2

,

which is bounded almost everywhere. Therefore,

E

(
sup

||π∗−π||≤δ,||h∗−h||H≤δ
‖qit(π, F ∗t ,v∗it2)− qit(π, Ft,v∗it2)‖2

)
≤ C2δ

2

for some C2 > 0. Finally, the third term can be rewritten as

‖qit(π, Ft,v∗it2)− qit(π, Ft,vit2)‖2 =
∥∥∥∥∂qit(π, Ft,vit2)

∂vit2
(v∗it2 − vit2)

∥∥∥∥2

,
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by the mean value theorem. Since

∂qit
∂vit2

= −∂Ft
∂π

∂Ft
∂vit2

+ (yit1 − Ft)
∂2Ft

∂π∂vit2
,

is bounded almost everywhere,

sup
||h∗−h||H≤δ

‖qit(π, Ft,v∗it2)− qit(π, Ft,vit2)‖2 ≤ C3δ
2,

for some C3 > 0. Therefore (A.6) is proved.

Under Assumptions CON(4) and NR(1), it can be verified that Donsker Theorem holds

by Corollary 2.7.4 in Van der Vaart and Wellner (1996). Therefore, the stated stochastic

equicontinuity then immediately follows.

Lemma A.8 Under Assumptions CI, CON and NR, as N →∞, T fixed, we have

√
N
(
MN (π0, h0) + Γ2(π0, h0)

[
ĥ− h0

])
→d N (0,V) ,

where V = E
(
φiφ

′
i

)
with φi provided in (A.8).

Proof. Since it is already shown that F̂t(·, v̂it2) converges uniformly to Ft(·,vit2), we can

simplify Γ2(π, h)[ĥ− h] as

Γ2(π0, h0)[ĥ− h0] = E

[
T∑
t=1

−∂Ft(w′itπ0,vit2)
∂π0

∂Ft(w′itπ0,vit2)
∂v′it2

(v̂it2 − vit2)

]
.

Assuming that reduced form parameters are estimated by pooled OLS, we can rewrite it using

a specific influence function and obtain

Γ2(π0, h0)[ĥ− h0]

= E

 T∑
t=1

−∂Ft(w′itπ0,vit2)
∂π0

∂Ft(w′itπ0,vit2)
∂v′it2

1
N

N∑
j=1

T∑
s=1

g(Dit,Djs)ψjs

+ op(N−1/2)

=
1
N

N∑
j=1

E

[
T∑
s=1

T∑
t=1

−∂Ft(w′itπ0,vit2)
∂π0

∂Ft(w′itπ0,vit2)
∂v′it2

g(Dit,Djs)|Djs

]
ψjs + op(N−1/2)

=
1
N

N∑
j=1

Ψj(π0, h0) + op(N−1/2).
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By change of variables, now we can show

√
N{MN (π0, h0) + Γ2(π0, h0)[ĥ− h0]}

=
√
N

[
1
N

N∑
i=1

mi(π0, h0) +
1
N

N∑
i=1

Ψi(π0, h0) + op(N−1/2)

]

=
1√
N

N∑
i=1

φi(π0, h0) + op (1) . (A.8)

Following Chen et al. (2003) and Rothe (2009), and applying standard central limit theorem,

we obtain √
N{MN (π0, h0) + Γ2(π0, h0)[ĥ− h0]} →d N(0,V), (A.9)

where V = E (φi(π0, h0)φi(π0, h0)′).

Now we prove Theorem 4.3 as follows.

Proof of Theorem 4.3. Based on Chen et. al. (2003), by applying stochastic equiconti-

nuity in Lemma A.8 and Taylor expansion of moment function MN (π̂SLS , ĥ) around (π0, h0),

√
N(π̂SLS − π0) = Γ−1

1 (π0, h0) ·
√
N(MN (π0, h0) + Γ2(π0, h0)[ĥ− h0]). (A.10)

Then by Lemmas A.4 and A.8,

√
N(π̂SLS − π0)→d N(0,Ω−1VΩ−1), (A.11)

as required.
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